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Let p be a prime divisor of the order of a finite group G. Thompson (1970, J.
Algebra 14, 129–134) has proved the following remarkable result: a finite group G
is p-nilpotent if the degrees of all its nonlinear irreducible characters are divisible
by p (in fact, in that case G is solvable). In this note, we prove that a group G;
having only one nonlinear irreducible character of p′-degree is a cyclic extension
of Thompson’s group. This result is a consequence of the following theorem: A
nonabelian simple group possesses two nonlinear irreducible characters χ1 and χ2
of distinct degrees such that p does not divide χ11χ21 (here p is arbitrary
but fixed). Our proof depends on the classification of finite simple groups. Some
properties of solvable groups possessing exactly two nonlinear irreducible characters
of p′-degree are proved. Some open questions are posed. © 1999 Academic Press
Key Words: Nonlinear irreducible character of p′-degree, p-nilpotent group, sim-
ple group of Lie type, monolithic character.
1. INTRODUCTION
Let p be an arbitrary but fixed prime divisor of the order of a finite group
G and let Irr1G;p′ be the set of all nonlinear irreducible characters of G
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whose degrees are not divisible by p. We will study the groups G satisfying
the following condition:
∗ Irr1G;p′ = χ,
i.e., χ is the only nonlinear irreducible character of G of p′-degree.
The abelian groups and the groups all of whose nonlinear irreducible
characters have degrees divisible by p we also consider ∗-groups. Then
all epimorphic images of ∗-groups are ∗-groups.
Let Irr1G be the set of all nonlinear irreducible characters of G, let Cn
be the cyclic group of order n, let Epn be the elementary group of order
pn, let ESm;p be an extraspecial group of order p1+2m, let Q8 be the
ordinary quaternion group, let A;B be a Frobenius group with kernel B
and complement A, let G′ be the commutator subgroup of G, let ZG be
the center of G, let 8G be the Frattini subgroup of G, and let NGH be
the normalizer of a subgroup H in G. A group G is said to be a Thompson
group if the degrees of its nonlinear irreducible characters are divisible by p.
If R is a normal subgroup of G, we write IrrG  R = IrrG − IrrG/R.
If G satisfies ∗ and p does not divide G, then Irr1G ≤ 1. As known,
in that case G is abelian or G ∈ ESm; 2;AGL1; qn, where q is a
prime (see [S] or [BZ, Corollary 31.5]). Therefore, in what follows, we will
assume that p divides G.
Our principal result is the following.
Theorem A. Let p be a prime divisor of G. A group G is a ∗-group
and χ is the only nonlinear irreducible character of G of p′-degree if and only
if it satisfies the following conditions:
(a) G/ kerχ ∼= AGL1; pn.
(b) G′′ = kerχ, G/G′ is cyclic of order pn − 1.
(c) G′ is a Thompson group.
We deduce Theorem A from Theorem B, which asserts that, for any
prime divisor p of the order of a nonabelian simple group G, G possesses
two nonlinear irreducible characters of distinct p′-degrees (it is clear that
this assertion depends on the classification on finite simple groups).
Set Gp′ = Tχ∈Irr1G;p′ kerχ. By [B1, Proposition 9 and Remark 1 fol-
lowing it], Gp′ is p-nilpotent and solvable. In particular, ∗-groups are
solvable of p-length one. Next, a ∗-group is a cyclic extension of Thomp-
son’s group G′. ASL2; 3 and S4 are ∗-groups for p = 2; 3, respectively.
In what follows, we will use the following two known results (see [S; B2,
Theorem 1 and Theorem 2]. If Irr1G = 1, then G ∈ ESm; 2; AGL
1; pn. If Irr1G = 2, then G ∈ C 1
2 pn−1
; Epn; Q8; E9;
ESm; 3, or G is a 2-group of order 22m with ZG = 4 and G′ = 2,
or ZG = 2, ZG 6≤ G′; and G/ZG ∼= AGL1; pn.
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Lemma 1.1. A group G satisfying conditions (a)–(c) of Theorem A is a
∗-group.
Proof. Since AGL1; pn has only one nonlinear irreducible charac-
ter, we may assume that kerχ > 1. Let ψ ∈ Irr1G − χ. In the
case considered, G′′ = kerχ 6≤ kerψ. Therefore, by Clifford theory,
ψG′ = λ1 + : : :+ λt , where λ1; : : : ; λt are distinct nonlinear (by (a) and (b))
irreducible characters of G′. By (c), p divides λi1 for all i. Therefore, p
divides ψ1. Thus, χ is the only character of p′-degree in Irr1G, i.e., G
is a ∗-group, as claimed.
By the above, we may assume that G has a nonlinear irreducible charac-
ter of degree divisible by p.
Lemma 1.2. Let G be a ∗-group and G′ < G. Then
(a) χ vanishes outside G′. In particular, kerχ < G′.
(b) p does not divide G x G′.
Proof. If λ is a nonprincipal linear character of G, then λχ = χ (since χ
is the only character of p′-degree in Irr1G), so λ− 1Gχ vanishes on G.
Let x ∈ G−G′. We can choose λ so that x 6∈ kerλ. Then λx 6= 1, and
hence χx = 0. Thus, χ vanishes outside G′ so kerχ < G′, proving (a).
Now suppose that p divides G x G′. Then G contains a normal subgroup
H of index p. By Clifford theory, χH ∈ IrrH, so χHG = χ1 + · · · + χp,
where χ1 = χ;χ2; : : : ; χp are distinct characters of p′-degree (= χ1) in
Irr1G, which is a contradiction. This proves (b) and thereby the lemma.
2. CASE G′′ < G′
In this section we assume that G is a ∗-group such that G′′ < G′. We
will prove that in this case the theorem is true.
Lemma 2.1. If G is a ∗-group and G′′ < G′; then the theorem is true.
Proof. It follows from the assumption that G′ < G so G/G′′ is non-
abelian. By Lemma 1.2, p does not divide G x G′. By Ito’s theorem
(see [I, Theorem 6.15]), all characters of G/G′′ have p′-degrees, so
G/G′′ ∈ ESm; 2;AGL1; qn by [S] (see the remark after the defini-
tion of ∗-groups), where q is a prime. In the sequel we will assume that
G′′ > 1. By assumption, kerχ = G′′ > 1. Suppose that there exists
λ ∈ Irr1G′; p′. Let τ be an irreducible constituent of λG; τ is not linear
by reciprocity. Since all irreducible constituents of χG′ are linear (in fact,
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kerχ = G′′), τ 6= χ. By Lemma 1.2(b) and Clifford theory, p does not di-
vide τ1, contrary to the fact that Irr1G;p′ = χ. Therefore, p divides
λ1 for all λ ∈ Irr1G′; i.e., G′ is a Thompson group (in particular, G′ is
p-nilpotent and solvable by [B1, Proposition 9 and Remark 1 following it]).
Thus the p-length of G is 1.
Assume p > 2 and G/G′′ = G/ kerχ = ESm; 2. By [I, Theorem
6.15], the degrees of all irreducible characters of G/G′′′ are not divis-
ible by p. Therefore, by the result of the first paragraph of the proof,
G/G′′′ ∈ ESn; 2;AGL1; qn, which is not the case (in fact, these two
groups have no proper epimorphic image isomorphic to G/G′′:
Assume p = 2 and G/G′′ ∼= ESm; 2. Then χG′′ = φ ∈ IrrG′′,
by Clifford’s theory. Therefore, IrrφG = µχ  µ ∈ IrrG/G′′ and
IrrφG = IrrG/G′ (see [I], Theorem 6.17). In that case, Irr1G; 2′ has
G x G′ = 22m > 1 distinct characters of 2′-degree φ1 = χ1, which is
not the case. This and the previous paragraph show that G/G′ 6∼= ESm; 2.
Assume G/G′′ ∼= AGL1; qn, where q is a prime, q 6= p. Then p does
not divide G/G′′, by Lemma 1.2(b). As above, G/G′′′ ∼= AGL1; qm;
since AGL1; qn is not a proper epimorphic image of AGL1; qm, we
obtain a contradiction. Thus, q = p, as desired.
It follows that solvable ∗-groups are of p-length 1.
The following proposition contains some additional information on the
structure of a ∗-group G the under condition G′′ < G′.
Proposition 2.2. Let G be a ∗-group, G′′ < G′ and let P be a Sylow
p-subgroup of G. Then:
(a) PG = G′, where PG is the normal closure of P in G, and NG′ P =
P . In particular, G′ = PG′′.
(b) P ∩ kerχ = P ′ = 8P. In particular, if P is abelian, then p does
not divide  kerχ.
(c) If kerχ is a minimal normal p-subgroup of G, then P is special
(i.e., P ′ = ZP = 8P is elementary).
Proof. By agreement, p divides the order of G so P > 1. By Lemma
1.2(b), P ≤ G′. It follows from the proof of Lemma 2.1 that G/ kerχ ∼=
AGL1; pn, kerχ = G′′, G′ x G′′ = pn, and hence PG′ = G′ = PG (the
last equality holds since PG
′
is normal in G). Since all nonlinear irreducible
characters of G′ have degrees divisible by p and PG
′ = G′, it follows from
[B1, Proposition 9] that NG′ P = P and so G′ = PG′′, completing the
proof of (a).
It follows from P ≤ G′ that P ′ ≤ G′′ = kerχ. Note that P kerχ/
kerχ = PG′′/G′′ = G′/G′′ is an elementary p-group since G/ kerχ ∼=
AGL1; pn. Without loss of generality, we may assume that kerχ is a
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p-subgroup (recall that kerχ is p-nilpotent by [K, Corollary 27.4.4], and
so instead of G we may consider an appropriate factor group, namely,
G/Op′ G′′). In that case, P = G′; so P ′ = G′′. Then all nonlinear irre-
ducible characters of G/P ′ have p′-degrees, by [I, Theorem 6.15]. By hy-
pothesis, Irr1G/P ′ = 1. By [S], G/P ′ ∼= AGL1; pm ∼= G/ kerχ (since
AGL1; pn is not a proper epimorphic image of AGL1; pm), and so
P ′ = kerχ. It follows from P ′ ≤ 8P ≤ kerχ = P ′ (8P ≤ kerχ
since P/ kerχ is elementary) that P ′ = 8P, completing the proof of (b).
It remains to prove (c). By assumption, P = G′. By (b), P ′ = 8P =
kerχ. P as a nilpotent normal subgroup of G centralizes every minimal
normal subgroup of G so that P ′ ≤ ZP. Since ZP is normal in G, P
is nonabelian (by (b)), P/P ′ is a minimal normal subgroup of G/P ′ (by
Lemma 2.1), we obtain P ′ = ZP. Therefore, P is special, completing the
proof of (c) and a fortiori the proposition.
3. CASE G′′ = G′
By Lemma 2.1, Theorem A is true for solvable groups. In what follows,
therefore, we will assume that G is not solvable.
In this section we will reduce our problem to the case when G is simple.
If G′′ = G′, then a nonabelian group G is nonsolvable. In that case,
kerχ < G′ (Lemma 1.2(a)) and kerχ is solvable and p-nilpotent [B1,
Proposition 9]. In what follows, we will assume that G is semisimple. In
that case, kerχ = 1.
Lemma 3.1. If G is a nonsolvable and semisimple ∗-group, G′ = G′′,
then:
(a) G′ is the unique minimal normal subgroup of G.
(b) All characters in Irr1G′; p′ are conjugate under G.
(c) G′ is simple.
Proof. If G is nonabelian simple, all is true, by assumption. Therefore,
we will assume that G is not simple. Let N be a minimal normal subgroup
of G; then N < G. Since N is not solvable, it follows that N = N ′ ≤ G′. If
G/N is abelian, N = G′. Suppose that G/N is nonabelian. By [I, Corollary
12.2], G/N is p-nilpotent (indeed, since χ is faithful, the degree of every
nonlinear irreducible character of G/N is a multiple of p). Next, by [B1,
Proposition 9], G/N is solvable. Since G/N is nonabelian, the equality
G′′ = G′ is impossible. Thus, N = G′, and so G′ is the unique minimal
normal subgroup of G, proving (a).
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Let λ ∈ Irr1G′; p′. By Lemma 1.2(b) and Clifford’s theorem, IrrλG ⊆
Irr1G;p′ = χ. This means that IrrχG′  = Irr1G′; p′, and (b) follows
from Clifford’s theorem.
It remains to prove (c). By (a), G′ = R1 × : : :×Rs, where R1; · · · ; Rs are
isomorphic nonabelian simple groups. Let µi ∈ Irr1Ri be of p′-degree
for all i (µi exists by [I, Corollary 12.2]; recall that G is semisimple). If
s > 1, then µ1 and µ1 × µ2 are nonlinear characters of distinct p′-degrees
in Irr1G′, and so they are not conjugate with respect to G, which is a
contradiction. Thus, s = 1 and hence G′ is nonabelian simple, completing
the proof of (c). The lemma is proved.
Thus, if G is a minimal counterexample, its commutator subgroup G′ is
nonabelian simple and all characters in Irr1G′; p′ have the same degree.
Let χG′ = eλ1 + : : : + λt be the Clifford decomposition. Then G x
G′ = χG′; χG′  = e2t by Lemma 1.2(a), χ1 = etλ11. By hypothesis,
G x G′ + χ12 ≡ 0 modp, or 1+ tλ112 ≡ 0 modp.
Remark. If G is a ∗-group and p = 2, then G′ < G. Indeed, assume
that G′ = G. Since G = χ12 + 1 +Pτ∈Irr1G−χ τ12 ≡ 2 mod 4, it
follows that 4 does not divide G, and so G has a subgroup of index 2 by a
known result of Burnside. In that case, G′ < G, contrary to the assumption.
Note that G′ < G is true for all primes p for which the congruence x2 + 1 ≡
0 modp has no solutions (if G is a ∗-group with respect to p). Theorem
A asserts that G′ < G (moreover, G is solvable) for all p.
4. NONEXISTENCE OF SIMPLE ∗-GROUPS
As above, G is a counterexample of minimal order. By Lemma 3.1(b),
if G is not solvable, then G′ is nonabelian simple such that all charac-
ters in Irr1G′; p′ are conjugate under G. In particular, all characters in
Irr1G′; p′ have the same degree. The following theorem shows that if G is
nonabelian simple, then Irr1G;p′ possesses two characters of distinct de-
grees. This shows that the above situation is impossible, and hence proves
Theorem A.
Theorem B. If p is a prime divisor of the order of a nonabelian simple
group G, then Irr1G;p′ has two characters of different degrees.
The proof of Theorem B depends on the classification of finite simple
groups (some results above also depend on the classification). In view of
[B2, Theorem 2], Theorem B is also true if p does not divide G.
We recall some known facts on groups of Lie type (see [C1, C2]).
Every finite Chevalley group or twisted group of Lie type is the group
Gσ of fixed points of an endomorphism σ of a simple algebraic group G,
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defined over the algebraic closure K of the field F = GFrs, where a prime
r is the characteristic of K.
Let T be a σ-stable maximal torus of G. T is said to be anisotropic if
it is not contained in any σ-invariant parabolic subgroup of G. A maximal
torus of Gσ is a subgroup of the form Tσ = Gσ ∩ T , where T is a σ-stable
maximal torus of G. If T is anisotropic, then Tσ is called an anisotropic
maximal torus of Gσ . If W = NGT /T is the Weyl group of a σ-stable
torus T , then Wσ = NGT /T σ is the Weyl group of Tσ in Gσ . If s ∈ Tσ
is a semisimple element, then CWσ s = w ∈ Wσ  sw = s is called the
isotropy group of s. If CWσ s = 1, we say that the element s ∈ T is in
general position. Let T˜ be a group of (linear) characters of T . For θ ∈ T˜
and w ∈ Wσ , let wθt = θtw for any t ∈ Tσ . We say that θ is in general
position if wθ 6= θ for all w ∈ W #σ . An element s of a maximal torus T is said
to be regular if CGs0 = T , where H0 denotes the connected component
of H. Elements which are in general position are regular (but the converse
is not necessarily true).
According to the Deligne–Lusztig theory, for every maximal torus T of
the simply connected linear algebraic group G and every linear character
θ ∈ T˜ there exists a generalized character RT;θ of Gσ . For the properties
of RT;θ; see [C1].
Let W be the Weyl group of the root system 8 of a simple Lie algebra
and let r1; : : : ; rn be all simple reflections. Then the element w = r1 · · · rn
is said to be the Coxeter element. A Coxeter torus of Gσ is the torus that
corresponds to a Coxeter element w of the Weyl group W . For definition
and properties of Coxeter tori, see [C2] (in that paper the conjugacy classes
of the Weyl group for all groups of Lie type are listed, and so all the
maximal tori of Chevalley groups are known).
In what follows, we will retain the above notation.
Lemma 4.1. Let T be a σ-stable maximal torus of the simply connected
linear algebraic group G over K, let Tσ = Gσ ∩ T , and let r be a characteristic
of the field K. Then:
(a) If θ ∈ T˜σ is in general position, then there exists χθ ∈ IrrGσ such
that χθ = ±RT;θ and χθ1 = Gσ x Tσ r ′ .
(b) If p 6= r and a prime p does not divide Tσ , then r does not divide
χθ1 and p does not divide Gσ /χθ1.
(c) If L is a finite simple group of Lie type, defined over a field of
characteristic r and a prime p 6= r does not divide the order of the Coxeter
torus of L, then there exists χ ∈ IrrL such that r does not divide χ1 and
p does not divide G/χ1.
(d) If L, p; and r are as in (c), and Tσ is a cyclic maximal torus of
Gσ such that Tσ contains a regular element and p does not divide Tσ , then
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there exists χ ∈ IrrL such that r does not divide χ1 and p does not divide
L/χ1.
Proof. (a) and (b) follow from [M, Proposition 2.2], (c) is essentially
[M, Proposition 2.5], and (d) is a modification of [M, Proposition 2.4].
Lemma 4.2. Let L be a finite simple group of Lie type and let G be its
corresponding simply connected algebraic group such that Gσ is a finite group,
L is a chief factor of Gσ , T is a σ-stable maximal torus of G, and Tσ is its
Coxeter torus. Then:
(a) If L = F4q, then Tσ  = q4 − q2 + 1.
(b) If L = 2F4q′, then Tσ  = q4 − q2 + 1.
(c) If L = E6q, then Tσ  = q2 + q+ 1q4 − q2 + 1.
(d) If L = 2E6q, then Tσ  = q2 − q+ 1q4 − q2 + 1.
(e) If L = E7q, then Tσ  = q+ 1q6 − q3 + 1.
(f) If L = E8q, then Tσ  = q8 + q7 − q5 − q4 − q3 + q+ 1.
(g) If L = G2q, then Tσ  = q2 − q+ 1.
(h) If Gσ = SLn+1q = Anq, then Tσ  = qn+1 − 1/q− 1.
(i) If Gσ = SUn+1q and n is even, then Tσ  = qn+1 + 1/q+ 1.
(j) If Gσ = SUn+1q and n is odd, then Tσ  = qn+1 − 1/q+ 1.
(k) If Gσ = Spin2n+1q, then Tσ  = qn + 1.
(l) If Gσ = Spin2nq, then Tσ  = qn−1 + 1q+ 1.
(m) If Gσ = Sp2nq, then Tσ  = qn + 1.
Let Gσ = L be a simple group of Lie type. Then:
(n) If L = 2G2q and q = 32m+1, then it contains a cyclic torus Tσ of
order q+p3q+ 1.
(o) If L = 2B2q and q = 22m+1, then it contains a cyclic torus Tσ of
order q+p2q+ 1.
(p) If L = 3D4q3, then it contains a cyclic torus Tσ of order q2 +
q+ 1.
(q) If L = P−2nq, then it contains a cyclic torus Tσ of order
qn + 1/4; qn + 1.
For (a), (c), (e)–(h), and (k)–(m), see Tables 2–7 in [C1]. For nontwisted
L the orders of Coxeter tori are given in [C2] (see Tables 2–7). If L is
twisted, the order of a Coxeter torus is obtained by substitution of −q
instead of q in the expression for Tσ  [G].
Lemma 4.3. Let L be a finite simple group of Lie type defined over a field
of characteristic r. Then there exists χ ∈ IrrL such that r does not divide
χ1 and p does not divide L/χ1 for some p ∈ piL.
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Proof. Let L be a finite simple group of Lie type and let G be its cor-
responding simply connected algebraic group such that Gσ is a finite group
and L is the chief factor of Gσ . By Lemma 4.1, it suffices to prove that
for the torus Tσ of Lemma 4.2, there exists p ∈ piGσ x Tσ r ′  such that p
does not divide Tσ . For cases (a), (b) (with q > 2), and (g) of Lemma 4.2
one can take arbitrary p ∈ piq2 − 1. For L = 2F2q′ (the Tits group) the
result follows by [Atlas]. For cases (c) and (d) of Lemma 4.2 it suffices to
take p = 2 if q is odd, and arbitrary p ∈ piq4 + 1 if q is even. For case
(e) of Lemma 4.2 we can take arbitrary p ∈ piq5 + 1 −piq+ 1. For case
(f) of Lemma 4.2, let p = 7 if 7 does not divide q and p = 5 if 7 divides q.
For the remaining cases we use Zsigmondy’s theorem.
For example, let L = Ln+1q. Then Gσ = SLn+1q. Set pi = piqn+1 −
1 = piq − 1 ∪ piTσ , where Tσ is the Coxeter torus of Gσ . If p ∈
piL −pi − r, it follows from the formula for the degree of the character
χθ = ±RT;θ (see Lemma 4.1(a)) that Lp divides χθ1, as claimed. It is
easy to find a prime p such that it divides qn − 1. In fact, if q; n + 1 6=
2; 6 or 4; 3, then χθ is a desired character, unless n = 1. Otherwise,
in the cases excluded, the lemma is true by [Atlas]. Suppose n = 1. Then
L = L2q, and the degrees of nonlinear irreducible characters of L are
the following:
q− 1, q, q+ 1 if q is even;
1
2 q+ 1, q− 1, q, q+ 1 if q ≡ 1 mod 4;
1
2 q− 1, q− 1, q, q+ 1 if q ≡ 1 mod 4.
In any of these cases there exists χ ∈ IrrL such that p divides χ1, p
does not divide L
χ1 ; and r; χ1 = 1.
Suppose that L = 2Anq, where n > 2 is even. Then Gσ = SUn+1q
has a Coxeter torus Tσ of order qn+1 + 1/q+ 1 (see Lemma 4.2). Since
2An−2q is contained in 2Anq, it follows that qn−1 + 1 divides L. Let p
be a Zsigmondy prime for the pair q; n − 1. It is clear that Gσ x Tσ r ′
is divisible by Lp since qn+1 + 1; qn−1 + 1r ′ divides q2 − 1. Now, in the
case under consideration, the lemma follows from Lemma 4.1(c).
Suppose that n = 2. Then (see [SF]) the degrees of nonlinear irreducible
characters of L = U3q are
q2 − q; q2 − q+ 1; 13
(
q3 − q2 − q− 1 unless 3; q+ 1 = 1;
q3 − q2 − q− 1; q3 − q2 + q; q3; q3 + 1; q3 + q2 − q− 1:
Let a prime p divide q3+ q2− q− 1 = q2− 1q+ 1. Let q+ 1; 3 = 1.
In the case under consideration, L = q3q2 − 1q+ 1q2 − q+ 1. Since
q− 1; q2 − q+ 1 = 1 = q+ 1; q2 − q+ 1, it follows that L has a desired
character. Now let 3 divide q + 1. In that case q 6= 2; let a prime p be a
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divisor of q − 1. Then r does not divide q3 − q2 − q − 1 and Lp divides
q3 − q2 − q − 1, and so an irreducible character of degree q3 − q2 − q − 1
satisfies our condition. Thus, if n is even, the groups 2Anq = Un+1q
satisfy the conclusion of the lemma.
Suppose n is odd. Since 2A1q ∼= L2q2, we may assume that n ≥ 3.
Since qn + 1 divides L = 2Anq and the order of a Coxeter torus T of L
is qn+1 − 1/q+ 1, by Lemma 4.2(j), it follows from qn + 1; qn+1 − 1 =
q + 1 that p is a Zsigmondy prime for the pair q; 2n, unless q; n =
2; 3. For L = U42 = 2A32 the result follows by [Atlas] (the irreducible
character of degree 34 satisfies the lemma).
The remaining groups are considered similarly (see [W]).
Proof of Theorem B. By [Atlas], the theorem holds for all sporadic
groups.
Suppose that G is a simple group of Lie type, defined over a field of
prime characteristic r, which is a counterexample. Let θ ∈ Irr1G;p′ (see
[I, Corollary 12.2]). Let ρ = ρG be the regular character of G. Then
ρ = 1G +
X
χ∈IrrG; pχ1
χ1χ+ X
χ∈Irr1G;p′
χ1χ:
Let p 6= r. According to the result of Feit, G has a Steinberg character
such that its degree is Gr , hence, by the assumption, θ1 = rm. By [F,
Lemma 4.20], any irreducible character of G of degree θ1 vanishes on
elements whose orders are multiples of r. Let x be an r-element in G#
(i.e., ox = rβ for some β ∈ ). Then
0 = ρx = 1+ X
χ∈IrrG; pχ1
χ1χx = 1+ pα;
where α is an algebraic integer. But α = − 1
p
, and the last number in not
an algebraic integer—contradiction.
Thus, p = r. By Lemma 4.3, there exists θ ∈ Irr1G;p′ such that s
does not divide G
θ1 for some s ∈ piG − p. By [F, Lemma 4.20], any
irreducible character of G of degree θ1 vanishes on all s-elements in G#.
Let y be an s-element in G#. By assumption,
0 = ρy = 1+ X
χ∈IrrG; pχ1
χ1χy + θ1 X
χ∈Irr1G;p′
χy = 1+ pα;
where α is an algebraic integer. As in the previous paragraph, we obtain a
contradiction. Thus, G is not a simple group of Lie type.
According to the classification of finite simple groups, it remains to con-
sider G = An, the alternating group of degree n. By [Atlas], we may assume
in what follows that n > 7. Using the hook formula [Ker] for the degrees
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of irreducible characters of Sn and taking into account that it yields the de-
grees of irreducible characters of An for non-self-associated partitions of n,
we see that IrrAn contains characters of degrees
d1 = n− 1; d2 =
nn− 3
2
; d3 =
n− 1n− 2
2
;
d4 =
nn− 2n− 4
3
; d5 =
nn− 1n− 5
6
y
(1)
these characters correspond to the following partitions of n: n− 1y 1, n−
2y 2, n− 2y 1y 1, n− 3y 2y 1; and n− 3y 3, respectively.
Since there are in (1) five distinct numbers (recall that n > 7), p divides
at least four of them (by assumption of the theorem). Since d3 − d2 = 1, p
does not divide one of the numbers d2, d3, and so p divides di for i = 1; 4; 5.
Then p divides n − 1, and so p does not divide n and p does not divide
n− 2. By assumption, p divides n− 2n− 4, and so p divides n− 4. In
that case, p divides n − 1 − n − 4 = 3 so p = 3. By the above, 3 does
not divide n, and so 3 does not divide d2 since 3 does not divide n− 3. Since
3 divides d4 it follows that 3 divides
n−4
3 , and so n ≡ 4 mod 9, n− 1 ≡ 3mod 9, and 3 does not divide n− 5. Therefore, 3 does not divide d5. Since
d2 6= d5, we obtain a contradiction.
Theorem A follows from lemmas and propositions in Sections 1-4 and
Theorem B.
The text above shows that Thompson’s theorem is a fairly strong result:
to prove its generalization we have to make use of the classification of
simple groups.
Corollary 4.4. Let p be a prime divisor of the order of a nonsolvable
group G. Then Irr1G;p′ > 1. Moreover, the last inequality is true for p-
solvable groups G of p-length at least two.
Proof. In fact, if Irr1G;p′ < 2, then G is solvable of p-length 1 by
Theorem A.
5. CONCLUDING REMARKS
Proposition 5.1 contains some information on a group G of odd order
such that Irr1G;p′ = 2.
Proposition 5.1. Let G be a group of odd order such that Irr1G;p′ =
2, where p is a prime divisor of G. Then G/G′′ = C 1
2 pm−1;Epm is a
Frobenius group and all nonlinear irreducible characters of G′ have degrees
divisible by p (in particular, the p-length of G is 1). Conversely, if G is a group
with such a structure, then Irr1G;p′ = 2.
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Proof. By [FT], G is solvable, so that G′ < G. As in Lemma 1.2(b), one
proves that p does not divide G x G′ (otherwise, IrrG contains p > 2
distinct nonlinear characters of the same p′-degree). Next, G/G′′ has the
abelian subgroup G′/G′′ of p′-index. By [I, Theorem 6.15], every character
in Irr1G/G′′ has p′-degree. Therefore, Irr1G/G′′ ≤ 2. Since G is of
odd order, G/G′′ (by [S; B2, Theorem 2]) is one of the following groups:
ESm; 3 (and p > 3) or C 1
2 qm−1;Eqm, where q > 2 is a prime and
2p; 12 qm − 1 = 1. In both cases Irr1G/G′′; p′ = 2. Therefore, we
may assume that G′′ > 1.
Suppose that G/G′′ = ESm; 3. Then every character in IrrG/G′′′
has degree that is a power of 3 by [I, Theorem 6.15]. By hypothesis,
Irr1G/G′′′ = 2 = Irr1G/G′′ so that G′′ = G′′′ (indeed,
T
τ∈Irr1G
kerτ = 1), which is a contradiction.
Now let G/G′′ = C 1
2 qm−1;Eqm. We claim that then q = p.
Suppose that q 6= p. As in the previous paragraph, Irr1G/G′′′ =
2 = Irr1G/G′′ so that G′′ = G′′′, which is a contradiction. Hence,
G/G′′ = C 1
2 pm−1;Epm.
By assumption, Irr1G contains exactly two characters of p′-degrees,
say χ1 and χ2, and by what has been said, G′′ = kerχi, i = 1; 2. Let
λ ∈ Irr1G′ be of p′-degree and let τ ∈ IrrλG. Obviously, τ is nonlinear.
By Clifford theory, p does not divide τ1. Since τ 6= χi, i = 1; 2 (indeed,
all characters in IrrχiG′  are linear), we obtain a contradiction. Thus, the
degrees of all nonlinear irreducible characters of G′ are divisible by p, and
all is done. The last assertion is trivial (see the proof of Lemma 1.1).
We continue to consider G with Irr1G;p′ = 2.
Proposition 5.2. Let G be a solvable group such that a prime p divides
G, p does not divide G x G′; and Irr1G;p′ = 2. Then one and only one
of the following assertions holds:
(a) p = 3, G/G′′′ = Q8;E32, and the degrees of all nonlinear
irreducible characters of G′′ are divisible by 3.
(b) G/G′′ = C 1
2 pm−1; Epm and the degrees of all nonlinear irre-
ducible characters of G′ are divisible by p.
(c) C2 = ZG/G′′ 6≤ G′/G′′, G/G′′/ZG/G′′ = AGL1; pm, and
the degrees of all nonlinear irreducible characters of G′ are divisible by p.
Proof. First we check that groups (a)–(c) satisfy the assumptions. Let G
be a group from (b) or (c). If ψ ∈ Irr1G  G′′, then IrrψG′  ⊆ Irr1G′;
so all the irreducible constituents of ψG′ have degrees divisible by p. Then
p divides ψ1, and G satisfies the condition since in the case under con-
sideration Irr1G/G′′ = Irr1G;p′. Now let G be a group from (a), ψ ∈
Irr1G  G′′′. Then IrrψG′′  ⊆ Irr1G′′ so all the irreducible constituents
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of ψg′′ have degrees divisible by 3. Then 3 divides ψ1, and G satisfies the
condition, since Irr1G/G′′′ = Irr1G; 3′ has exactly two characters.
Suppose that G′′ = 1. By assumption and [I, Theorem 6.15], Irr1G =
Irr1G;p′ so Irr1G = 2 by hypothesis. By [B2, Theorem 2], G is one of
the following groups:
(1) ESm; 3.
(2) G = 22m, G′ = 2, ZG = 4.
(3) Group isomorphic to G/G′′ from part (b) of the proposition.
(4) Group isomorphic to G/G′′ from part (c) of the proposition.
Obviously, groups (1) and (2) do not satisfy the assumption since, for
these groups G, p divides G/G′. In what follows, we assume that G′′ >
1. By [I, Theorem 6.15], Irr1G/G′′ = Irr1G/G′′; p′. Therefore, 1 ≤
Irr1G/G′′ ≤ 2 so by [S] and [B2, Theorem 2], G/G′′ is one of groups
(1)–(4) or
(5) ESm; 2.
(6) AGL1; qm.
Hence, we must consider the following six possibilities.
(i) Let G/G′′ = ESm; 2, p > 2 since p does not divide G/G′.
By [I, Theorem 6.15], Irr1G/G′′′ = Irr1G/G′′′; p′ and, by assumption,
Irr1G/G′′′ = 2. Therefore, by [B2, Theorem 2], G/G′′′ = Q8;E9.
Suppose that G′′′ > 1. Let λ ∈ Irr1G′′  G′′′. Since G′′/G4 is non-
abelian, 3 divides the degrees of every nonlinear irreducible character of
G′′/G4. Assume that p > 3. Then, by Clifford theory, p does not divide
the degrees of all irreducible constituents of λG; in that case, Irr1G;p′ >
2, contradiction. Thus, p = 3. Similarly, the degrees of all nonlinear irre-
ducible characters of G′′ are divisible by 3. In that case, G is a group
from (a).
(ii) Let G/G′′ = AGL1; qm, p does not divide qm − 1. Consider-
ing G/G′′′, we get p = q by [I, Theorem 6.15; S; B2, Theorem 2]. Let
Irr1G/G′′ = χ1, Irr1G;p′ = χ1; χ2. Then, since p divides G/G′′,
we get
G = G/G′′ + χ212 + X
χ∈Irr1G−χ1; χ2
χ12 ≡ χ212 6≡ 0 modp;
which is a contradiction.
(iii) Let G/G′′ = ESm; 3, p 6= 3. By [I, Theorem 6.15], Irr1G/G′′′
= Irr1G/G′′′; p′. By hypothesis, Irr1G/G′′′ = 2, contrary to [B2, The-
orem 2].
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(iv) Let G/G′′ = 22m, G′/G′′ = 2, ZG/G′′ = 4, p 6= 2. By [I,
Theorem 6.15], Irr1G/G′′′ = Irr1G;p′ = 2, contradicting [B2, Theo-
rem 2].
(v) Let G/G′′ = C 1
2 qm−1;Eqm, p does not divide
1
2 qm − 1.
Considering G/G′′′, we get q = p by [I, Theorem 6.15; B2, Theorem 2].
Assume that there exists λ ∈ Irr1G′; p′. Then IrrλG ⊆ Irr1G;p′ by
Clifford theory and the set IrrλG ∩ Irr1G/G′′ is empty, which is a con-
tradiction. Thus, the degrees of all nonlinear irreducible characters of G′
are divisible by p.
(vi) Let C2 ∼= ZG/G′′ 6≤ G′/G′′ and G/G′′/ZG/G′′ = AGL
1; qm. Since G xG′ is even, we obtain that p 6= 2. Assume that q = 2.
Considering G/G′′′, we get a contradiction with [B2, Theorem 2]. Thus,
q > 2. Considering G/G′′′ again, we get q = p. As in (v), the degrees of
all nonlinear irreducible characters of G′ are divisible by p.
The following nontrivial result is a consequence of Theorem A (note
that the original proof of Corollary 5.3 is independent of the classification
of finite simple groups).
Corollary 5.3 (Tarakhteljuk [T]). Let
cdG = χ1  χ ∈ IrrG} = 1; f1; : : : ; fn; d; n > 0;
where
f1 < · · · < fn; f1  f2  · · ·  fn; d; fn = 1:
If IrrG contains only one character of degree d, then the following assertions
hold:
(a) G contains a normal subgroup N such that G/N is cyclic of order d.
(b) cdN = 1; f1; : : : ; fn so that N has an ordered Sylow tower (by
[I, Problem 12.1]).
Proof. Let ψ be the unique character of degree d in Irr1G. Let p be
a prime divisor of f1. Then, by assumption, Irr1G;p′ = ψ, i.e., G is
a ∗-group. Therefore, by Theorem A, G is solvable. Let H be a normal
subgroup of G such that G/H is nonabelian, but every proper epimorphic
image of G/H is abelian. By [I, Lemma 12.3], G/H is primary or a Frobe-
nius group. Let λ ∈ Irr1G/H:
Assume that G/H is a q-group for some prime q. Suppose that q does
not divide fn and χ is an irreducible character of G of degree fn; then
χH ∈ IrrH and χλ ∈ IrrG by [I, Corollary 6.17]. Since λχ1 6∈
d; f1; : : : ; fn we obtain a contradiction. Hence, q divides fn and q does
not divide d, ψHG = ψ1 + : : : + ψG xH is the sum of G x H > 1 irre-
ducible characters of degree d, by Clifford theory, which is a contradiction.
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Thus, G/H is not primary. In that case, G/H is a Frobenius group
with kernel N/H = G/H′ and G/N is cyclic, by [I, Lemma 12.3]. It is
known that G/H possesses an irreducible character of degree G x N. As
above, G x N; d > 1. So, by assumption, G x N = d. If χi ∈ IrrG,
χi1 = fi i = 1; : : : ; n, then χiN ∈ IrrN, by Clifford theory, so that
1; f1; : : : ; fn ⊆ cdN. Let λ ∈ Irr1N be such that λ1 6= fi for i =
1; : : : ; n. Then, by Clifford theory, all irreducible constituents of λG have
degree d, i.e., λG = λ1ψ, which is not the case since G/N is cyclic and
λ1 > 1. Thus, λ does not exist. This means that cdN = 1; f1; : : : ; fn,
completing the proof.
A group G is said to be a monolith if G = 1 or G has only one minimal
normal subgroup. A character χ of G is said to be monolithic if χ ∈ IrrG
and G/ kerχ is a monolith. It is known that if the degrees of nonlinear
monolithic characters are divisible by p, then G is p-nilpotent and solvable
(see [BZ, Proposition 30.18]).
Corollary 5.4. If a group G has only one nonlinear monolithic character
of p′-degree, it is a solvable.
Proof. We will use induction on G. In that case we may assume that
G has only one minimal normal subgroup R, R = R′ ≤ G′; and G/R is
solvable. Let χ be the unique nonlinear monolithic character of G of p′-
degree. Assume that R ≤ kerχ. Then all characters in IrrG  R are
monolithic, so their degrees are divisible by p. It follows that R ≤ Gp′;
so R is solvable, and all is done since G/R is solvable. Thus, we may as-
sume that kerχ = 1. Then by assumption the degrees of nonlinear
monolithic characters of G/R are divisible by p, so G/R is p-nilpotent. As-
sume that p divides G x R. Then G/R has a normal subgroup H/R of
index p; in that case, by Clifford’s theorem, χH = ψ ∈ IrrH. By Clifford
theory, IrrψG = χ1 = χ;χ2; : : : ; χp and all the characters χi have the
same degree and are monolithic, a contradiction. Hence p does not divide
G/R. It follows that G/R has no nonlinear monolithic character, and so
G/R is abelian. In that case, all nonlinear irreducible characters of G are
monolithic, and the result follows from Theorem A.
Problems. Let p be a prime divisor of the order of a group G.
1. Suppose that all characters in Irr1G;p′ have the same degree.
Study the structure of G. The groups S5 and PGL27 satisfy the above
condition if p = 2. Is G solvable if p > 2? In particular, is G solvable if
cdG = 1 ∪ n ∪ Cp, where all elements of Cp are powers of p?
2. Suppose that IrrG possesses only one character χ such that p di-
vides χ1. Classify all such G. The group SL2; pn, pn > 3, possesses only
one irreducible character of degree divisible by p (see [D, Theorems 38.1
and Theorem 38.2]).
on thompson’s theorem 589
3. Classify the nonsolvable groups G such that Irr1G;p′ = 2.
4. Study the nonsolvable groups G such that if, whenever distinct
χ; τ ∈ Irr1G and χ1 = τ1, then χ ∈ Irr1G; 2′. Note that PSL2; 5
and PSL2; 7 satisfy this assumption.
5. Study the nonsolvable groups G such that the set of even (odd)
degrees of nonlinear irreducible characters of G is a chain under divisibility.
6. Study the nonsolvable groups G such that if, whenever χ; τ ∈
Irr1G and χ1 6= τ1, then χ1; τ1 = 1.
7. Is G solvable if cdG − 1 = C1 ∪ C2, where C1; C2 are chains
with respect to divisibility? The answer is “yes” if C1 = C2 = 1 (see [I,
Theorem 12.15]). An answer is unknown even in the case C2 = 1.
8. Let 1 < N be normal in G. Is N solvable if Irr1G;p′ −
Irr1G/N = 1? Without loss of generality, we may assume that N is a
minimal normal subgroup of G and, by Theorem A, that N < G.
Problem 8 is inspired by [IK].
For related results see [B3, BZ, BCH, BK].
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